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Part	
  2-­‐1:	
  	
  
A	
  few	
  useful	
  facts	
  from	
  
mathematical	
  analysis	
  	
  



Gradient	
  of	
  a	
  function	
  	
  

F(x1, x2 )

grad F(x1, x2 ) =
∂F(x1, x2 )

∂x1
, ∂F(x1, x2 )

∂x2
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∂F(x1, x2 )
∂x1

= lim
Δx1→0

F(x1 +Δx1, x2 )−F(x1, x2 )
Δx1

∂F(x1, x2 )
∂x2

= lim
Δx2→0

F(x1, x2 +Δx2 )−F(x1, x2 )
Δx2

grad F(x1, x2 ) points in the direction of the greatest rate of increase of the function 



Gradient	
  of	
  a	
  linear	
  function	
  	
  

F(x1, x2 ) = c1x1 + c2x2

grad F(x1, x2 ) = c1,c2( )

F(x) = cx

grad F(x) = c

c ∈ RN x ∈ RN

Function is a scalar, but the gradient is a vector!  



Convex	
  sets	
  

A	
  convex	
  set	
  is	
  a	
  set	
  where	
  for	
  every	
  pair	
  of	
  points	
  A	
  and	
  B	
  
from	
  this	
  set,	
  the	
  entire	
  straight	
  line	
  that	
  joins	
  A	
  and	
  B	
  
belongs	
  to	
  this	
  set	
  too	
  

convex	
   non-­‐convex	
  



Boundedness	
  and	
  closedness	
  

bounded	
  

unbounded	
  

Rigorously	
  deRined	
  in	
  
metric	
  spaces	
  	
  

closed	
  

open	
  

Rigorously	
  deRined	
  by	
  
means	
  of	
  limit	
  points	
  	
  



Questions?  
 
 
 



Part	
  2-­‐2:	
  	
  
Mathematical	
  formalism	
  

of	
  LP	
  problems	
  	
  



Canonical	
  form	
  of	
  a	
  linear	
  programming	
  problem	
  

cx→max
Ax ≤ b
x ≥ 0

cAxA + cBxB →min
wAxA +wBxB ≤ w
xA + xB ≥ D
xA ≥ 0
xB ≥ 0

A two-crop example 

c ∈ RN

x ∈ RN

b∈ RM

A :N ×M

Exercise	
  your	
  understanding	
  
	
  

-­‐	
  Write	
  the	
  two-­‐crop	
  example	
  in	
  
vector-­‐matrix	
  form	
  	
  



Existence	
  of	
  a	
  solution	
  

cx→max
Ax ≤ b
x ≥ 0

Key	
  assumption:	
  
	
  
	
  
is	
  non-­‐empty	
  and	
  bounded	
  in	
  the	
  direction	
  of	
  
the	
  gradient	
  of	
  the	
  objective	
  function	
  	
  
	
  
=>	
  The	
  feasible	
  set	
  is	
  a	
  convex	
  polyhedron	
  
=>	
  Linear	
  function	
  reaches	
  its	
  global	
  
minimum	
  over	
  a	
  convex	
  set	
  =>	
  Solution	
  to	
  
the	
  LP	
  problem	
  exists	
  	
  

X = x ∈ RN : Ax ≤ b∩ x ≥ 0{ }

c



Infeasible	
  constraints	
  -­‐	
  example	
  

cAxA + cBxB →min
wAxA +wBxB ≤ w
xA + xB ≥ D
xA ≥ 0
xB ≥ 0

A	
  two-­‐crop	
  example	
  

xA

xB

xA + xB ≥ D

wAxA +wBxB ≤ w

Feasible	
  set	
  is	
  empty	
  
	
  
	
  

No	
  solution!	
  
	
  
	
  

Not	
  possible	
  to	
  detect	
  such	
  a	
  problem	
  visually!	
  	
  
Important	
  to	
  set	
  the	
  constraints	
  right!	
  



Unboundedness	
  -­‐	
  example	
  

pAxA + pBxB →max
wAxA +wBxB ≤ w
xA + xB ≥ D
xA ≥ 0
xB ≥ 0

A two-crop example 

xA

xB

xA + xB ≥ D No	
  solution!	
  
	
  
	
  

Not	
  possible	
  to	
  detect	
  such	
  a	
  problem	
  visually!	
  	
  
Important	
  to	
  set	
  the	
  constraints	
  right!	
  



Leonid	
  Kantorovich	
  and	
  TC	
  Koopmanns	
  

Nobel	
  Prize	
  1975	
  winners	
  for	
  their	
  contribution	
  
to	
  the	
  Rield	
  of	
  optimal	
  resource	
  allocation	
  	
  
-­‐	
  both	
  were	
  afRiliated	
  with	
  IIASA	
  in	
  1970s	
   



George	
  Dantzig	
  

Formulated	
  the	
  “simplex”	
  method	
  to	
  solve	
  LP	
  problems	
  
-­‐	
  was	
  also	
  involved	
  with	
  IIASA	
  in	
  1970s	
   
 
The	
  simplex	
  algorithm	
  is	
  
searching	
  over	
  edges	
  of	
  the	
  
polyhedron	
  in	
  the	
  direction	
  of	
  the	
  
improvement	
  of	
  the	
  objective	
  
function	
  	
   



Dual	
  problem	
  	
  

cx→max
Ax ≤ b
x ≥ 0

by→min
AT y ≥ c
y ≥ 0

Primal	
  problem	
  	
   Dual	
  problem	
  	
  

Strong	
  duality:	
  
	
  

A	
  dual	
  variable	
  
as	
  a	
  “shadow”	
  

price:	
  

cx* = by* = J *

yi
* =

ΔJ
Δbi

* ΔJ *

Δb
=
Δby* + bΔy*

Δb
= y*

"

#
$

%

&
'

0 for	
  small	
  Δb

Exercise	
  your	
  understanding	
  
	
   -­‐	
  Write	
  the	
  dual	
  problem,	
  derive	
  shadow	
  prices	
  and	
  come	
  up	
  
with	
  their	
  interpretation	
  in	
  the	
  two-­‐crop	
  example	
  



Questions?  
 
 
 



Part	
  2-­‐3:	
  	
  
Example	
  of	
  application:	
  
Optimal	
  land	
  and	
  water	
  
allocation	
  between	
  

agriculture	
  and	
  coal	
  mining	
  
in	
  Shanxi,	
  China	
  



Motivation	
  
•  Coal	
  is	
  a	
  major	
  element	
  of	
  the	
  energy	
  security	
  in	
  

China	
  
•  Coal	
  mining	
  tends	
  to	
  concentrate	
  in	
  water	
  scarce	
  

regions,	
  Shanxi	
  province	
  is	
  a	
  profound	
  example	
  
•  Shanxi	
  province	
  is	
  rich	
  in	
  coal	
  (40%	
  of	
  the	
  

national	
  reserve;	
  produces	
  25%	
  of	
  total	
  coal	
  in	
  
China)	
  

•  Coal-­‐bearing	
  area	
  occupies	
  ~40%	
  of	
  the	
  total	
  
area	
  	
  

•  Only	
  30%	
  of	
  the	
  arable	
  land	
  is	
  irrigated,	
  yields	
  
largely	
  depend	
  on	
  rainfalls	
  	
  

•  ~30%	
  of	
  basic	
  food	
  is	
  imported	
  from	
  other	
  
provinces	
  	
  

•  Coal	
  mining	
  and	
  arable	
  land	
  overlap	
  by	
  up	
  to	
  
40%	
  

518 World Energy Outlook 2012 | Special Topics

Regional stress points
China

China’s water resources are set to become more strained with the country’s ongoing 
urbanisation and economic development. On a national basis China’s renewable water 
resources per capita were 2 070 cubic metres in 2010, just above the level regarded in this 
analysis as indicating “water stress”; but resources vary widely across regions (Figure 17.9). 
Water withdrawals per capita amounted to about 460 cubic metres. Around 65% of China’s 
water withdrawals are for irrigation, 23% for industry and 12% for municipal use (UN FAO, 
2012). China’s water challenges are exacerbated by geographical disparity between supply 
and demand: water is much more abundant in the south than in the north and west, 
where the country’s water-intensive agriculture and industry sectors are concentrated. 
Limited water supplies and widespread pollution of river systems in parts of China have 
put increasing pressure on groundwater resources (IBRD, 2009). 

Figure 17.9 ⊳  Renewable water resources per capita and distribution of 
water-intensive energy production by type in China
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Notes: Although water resources in the Xinjiang Uygher Autonomous Region as a whole are above the 
national average, they are unevenly distributed. The Tarim Basin, which has high potential for shale gas 
production, is particularly arid. Sources: Water data from China National Bureau of Statistics; IEA analysis.
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Strong	
  competition	
  between	
  agrifood	
  production	
  and	
  coal	
  
production	
  for	
  land	
  and	
  water	
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Water	
  availability	
  across	
  Shanxi	
  Province	
  	
  
in	
  1994-­‐2012	
  	
  



Model	
  sketch	
  



Optimal	
  resource	
  allocation	
  model	
  	
  

•  Calibrated	
  based	
  on	
  2012	
  data	
  
•  Redistributes	
  production	
  of	
  major	
  crops	
  and	
  coal	
  across	
  
11	
  prefectual	
  cities	
  	
  	
  

•  Minimizes	
  the	
  total	
  costs,	
  including	
  transportation	
  
between	
  cities	
  	
  

•  Illuminates	
  and	
  quantiRies	
  the	
  tradeoffs	
  between	
  the	
  coal	
  
and	
  agriculture	
  sectors	
  	
  

•  Analyzes	
  the	
  dependence	
  of	
  an	
  optimal	
  solution	
  to	
  the	
  
water	
  availability	
  scenario	
  	
  

•  Estimates	
  the	
  shadow	
  prices	
  	
  



Modeling	
  results:	
  Redistribution	
  of	
  coal	
  
production	
  	
  



Modeling	
  results:	
  Redistribution	
  of	
  crop	
  
production	
  	
  



Modeling	
  results:	
  Tradeoffs	
  and	
  sensitivity	
  to	
  
water	
  availability	
  

HWA/LWA/AWA	
  assumes	
  the	
  maximal/
minimal/average	
  observed	
  water	
  
availability	
  in	
  each	
  city	
  over	
  1994-­‐2012	
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Shadow	
  prices	
  



Questions?  
 
 
 


